Abstract. Rigidity results for asymptotically locally hyperbolic manifolds with lower bounds on scalar curvature are proved using spinor methods related to the Witten proof of the positive mass theorem. The argument is based on a study of the Dirac operator defined with respect to the Killing connection. The existence of asymptotic Killing spinors is related to the spin structure on the end. The expression for the mass is calculated and proven to vanish for conformally compact Einstein manifolds with conformal boundary a spherical space form, giving rigidity. In the 4-dimensional case, the signature of the manifold is related to the spin structure on the end and explicit formulas for the relevant invariants are given.
Introduction
Let (M, g) be a complete spin manifold of dimension n ≥ 3. We say that (M, g) is asymptotically locally hyperbolic (ALH) if (M, g) has an end E where the metric is asymptotic to H n /Γ where H n is hyperbolic space and Γ is a finite group acting by isometries, see section 4.2. In particular the sectional curvatures are asymptotic to −1 on E. In this paper we will prove some rigidity results for ALH manifolds whose scalar curvature s satisfies s ≥ −n(n − 1). The notion of an ALH manifold is analogous to the notion of an asymptotically locally Euclidean (ALE) manifold, a class of manifolds which has been extensively studied.
In [10] Min-Oo proved a scalar curvature rigidity result for manifolds asymptotic to hyperbolic space. The argument was an adaptation of the Witten proof of the positive mass theorem. The asymptotically hyperbolic case is related to the proof of positivity of the Bondi mass.
From the point of view of Riemannian geometry the positive mass theorem may be viewed as a statement concerning asymptotically Euclidean 3-manifolds with nonnegative scalar curvature. For dimension higher than 3, we have the generalized positive action conjecture, for ALE manifolds with nonnegative scalar curvature, which was shown to be false by LeBrun [9] . The positive mass argument fails when the spin structure does not allow asymptotically parallel spinors. Even given the existence of asymptotically parallell spinors the conclusion drawn from the positive mass argument in the ALE case is in general just a restriction on holonomy, see however [7] for a complete discussion of the 4-dimensional case.
In the ALH case, it is natural to consider a modified connection which is such that its curvature vanishes on hyperbolic space. The corresponding Dirac operator and Lichnerowicz identities can then be used in the positive mass argument in much the same way as in the Witten proof, the relevant mass being related to the Bondi mass.
There are different ways to modify the Levi-Civita connection so that it becomes adapted to hyperbolic space. In [10] a connection on an extended spinor bundle was studied. This setup models the manifold as an umbilic hypersurface in a Minkowski space of dimension n + 1. Alternatively one may introduce a modified connection ∇ defined by ∇ X ψ = ∇ X ψ + i 2 Xψ on the usual spinor bundle, which has as parallel spinors the imaginary Killing spinors. This is the approach taken in the present paper.
An important difference between Killing spinors and parallel spinors is that the existence of an imaginary Killing spinor allows one to apply the powerful structure theorem of H. Baum, see Theorem 3.1 and in contrast to the ALE case, instead of restrictions on the holonomy we get rigidity.
If M is ALH or ALE, then M has an end E diffeomorphic to R × (S n−1 /Γ). The existence of asymptotically parallel or asymptotically Killing spinors is a topological condition on the spin structure on E. When M is 4-dimensional we use the Atiyah-Patodi-Singer index theorem to relate the existence of asymptotic Killing spinors to the signature of M . From this we derive conditions on the signature of M from the ALH condition and the lower bound on the scalar curvature.
As a particular case we study conformally compact Einstein manifolds. We calculate the expression for the mass for a conformally compact manifold and in case the conformal boundary is covered by the round sphere we prove that the mass vanishes, which leads to rigidity, see section 5. Overview of this paper: This paper is organized as follows. In section 2 we discuss spin structures on quotients and the problem of relating spinors defined with respect to different metrics. In section 3 we give the necessary background on imaginary Killing spinors. In section 4 we define the notion of ALH manifold and prove the basic rigidity theorem, Theorem 4.8. The main step in the proof is Lemma 4.10 which is an adaptation of the argument in [10] to the present situation. In section 5 we apply these ideas to the particular case of conformally compact Einstein manifolds and prove that when the conformal boundary is a spherical spaceform, the mass vanishes which reduces the problem of proving scalar curvature rigidity to a topological question of whether the spin structure on the end admits an asymptotic Killing spinor. Finally, in section 6 we discuss the relation between the topology of M and the spin structure on E which leads up to Corollary 6.3 and Corollary 6.4. Acknowledgements: We thank R. Rubinstein for some enlightening discussions and H. Baum and T. Kunstmann for helpful remarks on an earlier version.
Preliminaries
Let (M, g) be an oriented Riemannian spin manifold of dimension n ≥ 3 with spin structure Spin(M, g) and let S(M, g) be the spinor bundle on M associated to Spin(M, g).
2.1.
Spin structures on quotients. Let Γ be a group acting by orientation preserving isometries on M . An element γ ∈ Γ acts on a frame f by f → γ * f . Assume that this action of Γ on the frame bundle lifts to an action on Spin(M, g), that is we have an action s →γs which projects to the action f → γ * f . Via the spin representation this defines an action on the spinor bundle where we denote the action of γ byγ.
Assume that Γ is a discrete group acting without fixed points. Then Γ has a lift if and only if M/Γ is spin. In this case the spin bundle on the quotient is given by Spin(M/Γ) = Spin(M )/Γ and the associated spinor bundle is given by
This means that given a lift the sections of S(M/Γ) are precisely the Γ-periodic sections of S(M ).
Lifts of Γ are classified by Hom(Γ, Z 2 ) and in case M is simply connected it follows from the isomorphism H 1 (M/Γ; Z 2 ) = Hom(Γ, Z 2 ) that this also classifies the spin structures on M/Γ.
2.2.
Comparing spinors for different metrics. Let g, g ′ be Riemannian metrics on a manifold M , and define the positive definite 'gauge transformation'
Because of the first property A will map ON-frames for g ′ to ON-frames for g, and thus A induces a map SO(M, g ′ )
If M is spin and we choose equivalent spin-structures for g and g ′ this can be lifted to Spin(M, g ′ )
A − → Spin(M, g). A spinor field for g can be viewed as a Spin(n)-equivariant map Spin(M, g) ϕ − → S, where S is the spinor space, so the composition ϕ • A is a map Spin(M, g ′ ) ϕ − → S which also is Spin(n)-equivariant. This gives the extension of
Since the metric on the spinor bundle is given by a fixed Hermitean inner product on S, A defines a fibrewise isometry. The above can be collected in a diagram.
) We will now look at the relation between the canonical covariant derivatives for (M, g) and (M, g ′ ). Let ∇ and ∇ ′ be the Levi-Civita connections for g and g ′ , to be able to compare ∇ and ∇ ′ on the frame and spin bundles for g we define a connection ∇ by
The connection ∇ is metric with respect to g and has torsion
Expressing the covariant derivative in terms of the Lie bracket and the metric we get
Next we compare ∇, ∇ when lifted to the spinor bundle S(M, g). Let {e i } be a local orthonormal frame for g, and let {σ α } be the corresponding local orthonormal frame of the spinor bundle. Denote by ω ij , ω ij the connection one-forms for ∇, ∇ defined with respect to {e i },
then the covariant derivatives of ϕ = ϕ α σ α are given by [8, Thm 4 .14]
and hence the difference between ∇ and ∇ acting on ϕ is
Using (2) and (3) we can estimate
We have proved the following lemma Lemma 2.1. Let Y be a vectorfield and let ϕ be a spinor (w.r.t the g spin bundle), then
and
where D, D are the Dirac operators associated to the connections ∇, ∇.
Killing spinors
3.1. The Killing connection. Define a modified connection on the spinor bundle by
we call this the Killing connection, spinors parallel with respect to this connection are called imaginary Killing spinors. There is an analogous concept of real Killing spinors. In this paper we will discuss only the imaginary Killing spinors and write simply Killing spinors. The connection ∇ will respect the Clifford module structure of S(M, g) if we define its action on the Clifford algebra bundle on (M, g) so that
where [ , ] denotes the commutator in the Clifford algebra. The Dirac operator corresponding to ∇ is
The curvature of ∇ is
Through the natural isomorphism of Lie algebras spin(n) ↔ so(n) ([8, §I.6]) the second term corresponds to the skew-adjoint endomorphism
. This is also the curvature tensor R −1 on T M of constant sectional curvature −1, so we see that the curvature of the Killing connection viewed as an so(n)-valued two form is 
We calculate using (8) for a Killing spinor ϕ
from which it follows that a manifold with a Killing spinor must be Einstein. But for a complete manifold with a Killing spinor there is the following result of H. Baum. . A complete manifold M has a Killing spinor ϕ if and only if it is isometric to P × R with the metric e 2t h + dt 2 where (P, h) is a complete manifold with a parallel spinor.
On hyperbolic space H n there is a full set of Killing spinors. We describe them using the ball model of H n , which is B n = {|x| < 1} with the metric g = ρ(x) −2 g 0 where ρ(x) = 1 2 (1 − |x| 2 ) and g 0 is the standard flat metric. Since this is conformal to the flat metric on the ball we get an identification SO(H n ) = B n × SO(n) which gives trivializations Spin(H n ) = B n × Spin(n) and S(H n ) = B n × S.
Proposition 3.2 ([3] [4]
). In the above trivialization, the Killing spinors on
3.3. The Lichnerowicz formula. Fix a spinorfield ϕ and define a one-form
whereŝ = s + n(n − 1) and s is the scalar curvature of (M, g). Integrating over a manifold M with boundary ∂M we get the Lichnerowicz formula
where ν is the outward normal of the boundary. We also note the integration by parts formula for the Dirac operator D.
3.4. A little analysis. We end this section by proving some analytical results using the formulas derived above. Let M be a complete spin manifold withŝ non-negative and bounded. Let C ∞ 0 S(M ) be the space of smooth sections with compact support and define a sesquilinear form
which is obviously bounded. B is Hermitean and using (9) we get
and let H 1 S(M ) be the closure of C ∞ 0 S(M ) with respect to the norm ||ϕ|| 1 = (ϕ, ϕ)
is a Hilbert space. Ifŝ is bounded, B extends to H 1 S(M ) as a bounded sesquilinear form and ifŝ is non-negative we see that B is coercive on
We have shown that B satisfies the conditions of the Theorem of LaxMilgram, the conclusion is Proposition 3.3. Let (M, g) be as above and assume thatŝ is nonnegative and bounded. Then for every bounded linear functional l on
Remark 3.4. In the rest of the paper we will assume thatŝ is bounded. This assumption is technical and can be removed by using appropriately weighted spaces of sections.
Rigidity for ALH manifolds
In this section we consider manifolds satisfying a condition which is analogous to the vanishing of the Bondi mass. By the positive mass argument this leads to rigidity theorems. 4.1. Asymptotic Killing spinors. Let (M, g) be a complete Riemannian manifold with one end E and a diffeomorphism N × (0, ∞)
Let {M R } be a family of compact manifolds with boundary exhausting M . We say that that {M R } is nondegenerate if there is a nondegenerate foliation at infinity such that ∂M R = N R .
We have
) be a complete Riemannian manifold with a nondegenerate exhausting family M R . Let f be a nonnegative integrable founction on M . Then lim inf R→∞ ∂M R f = 0.
The generalization to manifolds with more than one end is trivial.
) be a complete Riemannian spin manifold. 1. We say that a spinor ϕ 0 is an asymptotic Killing spinor on
If ϕ 0 is an asymptotic Killing spinor we say that the mass of M (w.r.t. ϕ 0 ) is zero if there is a nondegenerate family {M R } exhausting M so that either
Remark 4.3. In the setting of Definition 4.2, if the limit
exists, then it is a natural to think of this as an analog of a component of the Bondi momentum in general relativity.
The following Lemma is the essential step in the positive mass argument.
Lemma 4.4. If M has an asymptotic Killing spinor, mass zero in the sense of Definition 4.2 andŝ ≥ 0, then M has a Killing spinor.
we will show that this implies Dϕ = 0. Set a = Dϕ. Integrating by parts using (10) we get for any
By elliptic regularity we get that a is smooth and by (13
Therefore the usual cutoff argument shows that
and thus Da = 0 which together with ( D + in)a = 0 implies a = Dϕ = 0. Let M R be as in definition 4.2. We use (9) to get
Write B = ∇ ν + ν D. Since B is self adjoint on ∂M R we may write (14) in the form
In case (11) holds, the first term tends to zero as R → ∞ from the vanishing of the mass w.r.t. ϕ 0 . By assumption, ∇ϕ 0 ∈ L 2 (T * ⊗ S)(M ) and by construction ϕ 1 ∈ H 1 S(M ), therefore we have
and by Proposition 4.1 there is a sequence {R j } such that the last three terms tend to zero as j → ∞. This tells us that ∇ϕ = 0 and since ϕ 0 / ∈ H 1 S(M ) by assumption we have ϕ = 0. Finally in case (12) holds, we may apply Proposition 4.1 as above to all the terms in (15).
Asymptotically locally hyperbolic manifolds.
Definition 4.5. Two metrics g and g ′ are strongly asymptotic if the gaugetransformation A of Section 2.2 satisfies
1. There is a k so that for all X ∈ T M, |X| = 1 we have
where r is the g ′ -distance from a fixed point.
In the case when the model metric g ′ is hyperbolic, this leads to the concept of asymptotically locally hyperbolic manifolds, analogous to the notion of asymptotically locally Euclidean spaces. Definition 4.6. Let Γ be a finite group acting freely and linearly on the sphere and let H n * be H n \ B where B is a closed ball centered at the origin. Suppose that (M, g) has an end E for which there is an identification of with H n * /Γ where Γ acts in the natural way on the ball model of hyperbolic space. Let g ′ be a metric on M which on the end E is isometric to H n * /Γ with the hyperbolic metric. Then we say that (M, g) is asymptotically locally hyperbolic with the asymptotically locally hyperbolic end E with group Γ if g and g ′ are strongly asymptotic on E. In case Γ = {1} we call M asymptotically hyperbolic.
As in the above definition let Γ be a finite subgroup of SO(n) acting freely on the sphere. We will now consider the conditions for existence of Killing spinors on the quotient H n * /Γ. In the trivialization used in Proposition 3.2 γ ∈ Γ acts on SO(H n * ) as
Then by the discussion in Section 2.1 there is a bijective lift of Γ to a subgroup Γ ⊂ Spin(n), which specifies the action of Γ on the spin and spinor bundles of H n * . The sections of S(H n * /Γ) are naturally identified with the Γ-periodic sections of S(H n * ). Since the Killing condition is local the Killing spinors on H n * /Γ are precisely given by the spinors ϕ u in Proposition 3.2 which are also Γ-periodic. The ϕ u are acted on as follows
If we view Spin(n) as a subgroup of the Clifford algebra the conjugation byγ is just the projection to γ in SO(n). Therefore, if we assume that the fixed element u in S satisfiesγ · u = u for allγ the Killing spinor will be Γ-periodic
Conversely if ϕ u is Γ-periodic we must haveγ · u = u for allγ. The Killing spinors on the quotient thus correspond precisely to the spinors u ∈ S which are fixed by the spin-representation of the lifted group Γ, they depend both on Γ and via the choice of lift the spin structure on the quotient. We have proved the following Proposition.
Proposition 4.7. Let Γ be a subgroup of SO(n) acting freely on the sphere and let Γ be a bijective lift to Spin(n), then the Killing spinors on H n * /Γ with the spin-structure defined by Γ correspond to the ϕ u given by Proposition 3.2 for spinors u ∈ S which are fixed by the spinor representation of Γ. Now let M be an asymptotically locally hyperbolic spin manifold with group Γ and fix a spin structure on M . The restriction of the spin structure to the locally hyperbolic end will be equivalent to the spin structure on H n /Γ defined by some lift Γ of Γ. Thus the number of asymptotic Killing spinors on M is via the lift Γ controlled by spin structure, a purely topological condition.
4.3.
A rigidity theorem. We have the following rigidity theorem.
Theorem 4.8. Let M complete spin manifold with an asymptotically locally hyperbolic end E with group Γ. Suppose that the spin structure on E is equivalent to the spin structure on H n * /Γ defined by the lift Γ of Γ. If Γ fixes some non-zero spinor u ∈ S and ifŝ ≥ 0 then Γ = {1} and M is isometric to H n .
Remark 4.9. The condition on the spin structure can be formulated as the vanishing of a relative Stiefel-Whitney class, see [1] .
We begin by proving the existence of an asymptotic Killing spinor with mass zero.
Lemma 4.10. Let M complete spin manifold with an asymptotically locally hyperbolic end E with group Γ. Suppose that the spin structure on E is equivalent to the spin structure on H n * /Γ defined by the lift Γ of Γ and Γ fixes some non-zero spinor u ∈ S. Then M has an asymptotic Killing spinor with mass zero.
Proof:Let E be the locally hyperbolic end and let g ′ be the hyperbolic metric. On the end H n * /Γ with the hyperbolic metric there is by Proposition 4.7 a Killing spinor ϕ ′ . Since the spin-structures match up ϕ ′ can be moved to a spinor Aϕ ′ on E where A is the gauge transformation of section 2.2.
Let f be a smooth function with supp(df ) compact, f = 0 outside E and f = 1 at infinity. Define the spinor ϕ 0 = f Aϕ ′ on (M, g). We are going to show that ϕ 0 is an asymptotic Killing spinor.
First we show that ∇ϕ 0 ∈ L 2 S(M ).
where the first term is compactly supported and the second can be estimated using (7), since ∇ ′ ϕ ′ = 0 the third term is f times
Thus we get for large r
Next we estimate |ϕ 0 | 2 , since ∇ ′ ϕ ′ = 0 we have for X with |X| ′ = 1
if we take X = ∂ ∂r and integrate along a radial geodesic this gives
and since A is an isometry on spinors, we have asymptotically that
Thus we have proved
which together with point 2 of Definition 4.5 tells us that ∇ϕ 0 is in L 2 (T * ⊗ S)(M ). Next we have to show that the mass is zero. Let R be large and let S R = {x ∈ E; r(x) = R} denote the distance sphere on E with outward normal ν. From (18),(19) we get
and by point 2 of Definition 4.5 this is in L 1 (M ). It remains to check that ϕ 0 / ∈ H 1 S(M ). From (17) it follows that |ϕ 0 | 2 ≥ Ce −r for large r and hence ϕ 0 / ∈ L 2 S(M ), since the sphere S R has area of the order e (n−1)R .
This completes the proof of Lemma 4.10.
We have now showed that ϕ 0 is an asymptotic Killing spinor with mass zero and by Lemma 4.4 we conclude that M has a Killing spinor ϕ and therefore (M, g) is of the form described in Theorem 3.1 (M, g).
The proof of Theorem 4.8 is concluded by the following Lemma.
Lemma 4.11. Let (M, g) be a warped product (P × R, e 2t h + dt 2 ) where (P, h) is a complete Riemannian manifold. Suppose that M has an asymptotically locally hyperbolic end. Then M is isometric to H n .
Proof:Let ξ, η be orthonormal vectors orthogonal to ∂ ∂t , then e t ξ, e t η are orthonormal w.r.t. h. The sectional curvature on the plane spanned by ξ, η is ([11, Chapter 7, Prop. 42])
where K 0 is the sectional curvature of h. On the other hand we know that there is an end on which g(AX, AY ) equals the hyperbolic metric g ′ (X, Y ) of constant sectional curvature −1 where A is as in Definition 4.5. The curvature tensor of the hyperbolic metric g ′ satisfies
From (1) we see that R ′ is related to the curvature R of ∇ by
Define the tensor δ by
The curvature tensors for ∇ and ∇ are related by
Using (2),(3) and point 1 of Definition 4.5 we get
For x ∈ P , let K max (x) be the maximum of |K 0 | over the two-planes at x. Then we get by integrating over the slice t = T e −2T e
By points 2 and 3 of Definition 4.5 and Proposition 4.1, there is a sequence {T j } tending to ∞ so that the right hand side vanishes as j → ∞. Therefore since the integral on the left hand side is independent of T and n ≥ 3 it must be equal to zero. This shows that h is a complete flat metric and since the fundamental group of the end is finite we must have that (P, h) is R n with the flat metric and hence M = H n .
Rigidity for conformally compact Einstein manifolds
In this section we prove that the mass for conformally compact Einstein manifolds with conformal boundary a spherical space form vanishes. This means we can apply the results of section 4.
Conformally compact Einstein manifolds.
Definition 5.1. A Riemannian manifold (M, g) is called conformally compact if M is the interior of a compact manifold M with boundary ∂M and g is conformal to a smooth metricg on M ,
where ρ is a defining function for the boundary, that is ∂M = {x : ρ(x) = 0} and dρ = 0 on ∂M .
In the work of Fefferman and Graham [5] conformally compact Einstein metrics which are such that the conformal background metricg is an even function of the defining function are studied near ∂M . They prove that in case M is of even dimension, the formal power series expansion ofg in terms of ρ is uniquely determined, while in the odd dimensional case, there is an undetermined term at the n − 1:st order. Here we study the case when the conformal boundary is locally conformally flat and covered by a sphere. Using a combination of the spinor arguments above and an analysis of the power series expansion ofg we prove the following rigidity theorem.
Theorem 5.2. Let (M, g) be a conformally compact Einstein spin manifold of dimension n for which the boundary of the conformal background metric is isometric to S n−1 , then (M, g) is isometric to H n .
Let (S n−1 , h 0 ) be the standard sphere of dimension n − 1. Hyperbolic space H n can be represented as R + × S n−1 with the metric
We will use a conformal gauge changeg → θ 2g and ρ → θρ where θ is a positive function to put a general conformally compact Einstein metric on a form similar to this.
Lemma 5.3. Let (M, g) be as in Theorem 5.2. There is a conformal gauge change on a collar neighborhood U of ∂M so that ρ = sinh(x) where x is the distance to ∂M ing.
Proof:Given are M, ρ,g such that g = ρ −2g is Einstein. The relation between the Ricci-tensors of g andg is
Since Ric = −(n − 1)g this gives
which implies thatg(dρ, dρ) = 1 on ∂M so 1 −g(dρ, dρ) = ρa where a is some smooth function. We are going to find θ so thatρ := θρ = sinh(x) wherex is the distance to the boundary in the metricĝ := θ 2g , or equivalently so that f := sinh −1 (ρ) =x. We begin by solving for a θ such that |df |ĝ = 1.
Written in terms of the given data this means that θ must solve the equation
One verifies easily that this equation with the initial data θ = 1 on ∂M satisfies the conditions for existence of a solution in a neighbourhood of ∂M [12, volume 5, pp. 39-40] . In a small enough neighbourhood U of ∂M the solution is positive and we continue this to a positive function θ on all of M for which |df |ĝ = 1 on U . This implies that the gradient curves off on U are unit-speed geodesics with respect toĝ and sincef = 0 precisely on ∂M we havef =x on U .
Let ρ, x,g be as in Lemma 5.3 and let ∂M x be the level surfaces of x. Theng is of the formg = dx 2 + h where h is the induced metric on ∂M x . The normal vector field to the foliation ∂M x w.r.t.g is η = ∂ ∂x = grad(x) and the second fundamental form of ∂M x is
Observe that this identity makes sense for X, Y not tangential to ∂M x by defining λ(η, ·) = 0. We define a hyperbolic background metric g ′ on U by setting
There is a Killing spinor ϕ ′ with respect to g ′ defined on U . Let A be the gauge transformation between g and g ′ and let ϕ 0 = f Aϕ ′ where f is a cut-off function. The proof of Theorem 5.2 given in section 5.2 will consist of showing that ϕ 0 is an asymptotic Killing spinor and that the mass of (M, g) with respect to ϕ 0 is zero. We begin by computing the asymptotics of the metricg.
Lemma 5.4. Let n > 3. The gauge transformation A satisfies
Further, x −(n−1) (A − Id) is smooth up to ∂M .
Proof:By Taylor's theorem we may expand h in a asymptotic series
where h (0) = h 0 and h (k) are symmetric tensors on ∂M . Then
The Hessian of x equals −λ so
and, by assumption, the metric g satisfies Ric = −(n − 1)g. Using this and ρ = sinh(x) in (20) gives us the identity
Inserting (22) in (23) and setting x = 0 we get h (1) = 0. Recall the second variation formula
where
where {ẽ i } is an ON frame w.r.t. g. Now let ric denote the Ricci tensor of the induced metric h on ∂M x , then contracting the Gauss equation gives
on ∂M x . Finally we plug (24) and (25) into equation (23) to get
Further, the normal part of equation (23) is
Using Ric(η, η) = tr R η and the trace of equation (24) we get
We now start an induction by assuming that
we have already seen that this assumption holds with k 0 = 2. The Ricci tensor depends smoothly on the metric. Therefore ric −(n − 2)h 0 vanishes in x to the same order as h rem , that is ric
and we conclude using ρ = x + O(x 3 ) that the lowest order terms in (26) are the terms of order x k 0 −1 , they are the Lie-derivative term on the left side and both terms on the right side. Keeping only the lowest order terms in (26) and simplifying gives us the equation
Next we look at the trace tr h 0 (h (k 0 ) ). First we assume that k 0 > 2. Then if we look at the lowest order terms the λ × λ term vanishes and after simplification
which gives tr h 0 h (k 0 ) = 0. If k 0 = 2 we take the h 0 -trace of equation (29) and get 2(n − 2) tr h 0 h (2) = 0, so tr h 0 h (k 0 ) vanishes and (29) becomes
This means that as long as k 0 < n − 1, (28) implies h (k 0 ) = 0, and we have showed that
In order to show that the trace of A − Id vanishes to higher order, we do an induction on tr h 0 h (k) . Assume tr h 0 h (k) = 0 for 1 ≤ k ≤ j. By the above this holds for j = n − 2 which is the base case for the induction. From (32) and (22) we have for j < 2n − 3
Now use n > 3, trg(λ × λ) = O(x 2n−4 ) and (27) to get, after simplifying and discarding higher order terms,
From the definitions,
where H is defined byg ′ (HX, Y ) = h rem (X, Y ). Thus from the above |H| = O(x n−1 ) and tr H = O(x 2n−2 ). By definition A and H are self adjoint linear maps w.r.t. the inner productg ′ . From the equation A 2 = (Id + H) −1 we find
This completes the proof of Lemma 5.4.
Remark 5.5. Under the assumptions of Fefferman and Graham [5] , in case n is even, h (n−1) = 0, and therefore instead of (32) we get that h agrees with h 0 to any order in x.
Proof of Theorem 5.2.
In case n = 3 (M, g) Einstein implies constant curvature and the theorem follows from [2, Theorem 6.9], so we assume n ≥ 4 in the following. From equation (16) we have
outside the compact set where f = 1. Lemma 5.4 together with (6), (17) and the fact that xe r is bounded on U gives
which using µ = ρ −n µ shows that ∇ϕ 0 ∈ L 2 (T * ⊗S)(M ). Clearly ϕ 0 / ∈ H 1 S(M ) and therefore ϕ 0 is an asymptotic Killing spinor.
Next we are going to show that the boundary integral (where the normal ν = ρη)
vanishes, where dµ x is the volume element of the induced metric on ∂M x . Introduce an ON frame {e ′ i } w.r.t. g ′ adapted to the foliation ∂M x so that e ′ 1 = ν and e ′ i ⊥ ∂M x for i ≥ 2. Set e i = Ae ′ i . Then {e i } is an ON frame for g adapted to the foliation ∂M x . In the integrand we have
where σ ij = [e i , e j ] is the commutator in the Clifford algebra. We compute
Since the integral in (33) is real, we need not bother about the imaginary terms in (34). What is left of the first sum is then
where σ 1ijk = e 1 e i e j e k if 1, i, j, k are all different or else σ 1ijk = 0. From (2) and (3) we get the identities
where the last two terms taken together are symmetric in ij and vanish when summed against σ 1ijk . This leaves
Next we look at the second sum in (34). We have
and (the real part of) the integrand in (33) is
We consider each term separately. To simplify the notation we will write f 1 ≃ f 2 if f 1 and f 2 are both O(x k ) for some k and f 1 − f 2 = O(x k+n−1 ). Let B = A − Id, note that B is symmetric and A −1 − Id ≃ −B. In the following computations we use the summation convention. We have
where in the last row we used the fact that B is symmetric. Similarly we have
whereẽ ′ i = ρ −1 e ′ i form an ON frame forg ′ = ρ 2 g ′ . We now use the formulã
for the connection coefficients for ∇ ′ w.r.t. the frame {ẽ ′ i }. Note that ω ′ 1l (ẽ ′ i ) = 0 for the cylindrical metric. Therefore
i . Next we consider the terms in (37) containing σ 1ijk . We have
i where the components are defined w.r.t. the frame {e ′ i }. This gives the following expression for the mass lim x→0 ∂Mx
From Lemma 5.4 we have e 1 A i i = O(x 2n−2 ), B i i = O(x 2n−2 ) and as we have seen, Q = O(x 2n−2 ). Further, using (17) and xe r bounded on U together with dµ x = ρ −(n−1) dµ(h) we find that the integrand in (38) is O(x n−2 ) which vanishes as x → 0 and hence the mass is zero.
It follows from Lemma 4.4 that there is a Killing spinor ϕ for g associated to any Killing spinor ϕ 0 for the hyperbolic background metric g ′ and hence there is a full set of linearly independent Killing spinors for g. This proves that R = 0 and hence (M, g) has sectional curvature −1 and is isometric to hyperbolic space H n .
Spherical space form boundary.
Theorem 5.6. Let M conformally compact Einstein spin manifold with conformal boundary ∂M = S n−1 /Γ. Suppose that the spin structure on a collar neighborhood U of ∂M is equivalent to the spin structure on H n * /Γ defined by the lift Γ of Γ. If Γ fixes some non-zero spinor u ∈ S then Γ = {1} and M is isometric to H n .
Proof:In case n = 3 (M, g) Einstein implies constant curvature and the theorem follows from [2, Theorem 6.9], so we assume n ≥ 4 in the following.
By passing to a cover of U , the estimates of Lemma 5.4 apply without change. From the assumptions it follows that U with the hyperbolic background metric g ′ and its induced spin structure has a Killing spinor. Therefore by the same argument as in the proof of Theorem 5.2 there is an asymptotic Killing spinor with mass zero.
By Lemma 4.4 there is a Killing spinor on (M, g) and therefore (M, g) is a warped product as in Theorem 3.1.
It follows from the estimates of Lemma 5.4 that an integral of the form
is bounded. Therefore since we are considering only n ≥ 4 the proof of Lemma 4.11 applies to the present case.
Four dimensions
We now consider the four dimensional case. Here we have isomorphisms
The projection Spin(4) → SO(4) takes (p, q) to the map v − → pvq * (quaternion multiplication). The spinor representation is SU(2) × SU(2) acting on S = S + ⊕ S − = C 2 ⊕ C 2 * .
6.1. ALH ends in four dimensions. Suppose that Γ ⊂ SO(4) has a lift to Γ ⊂ Spin(4) such that for allγ ∈ Γ,γ · u = u where 0 = u ∈ S. Then the same holds for the parts u + , u − , by a choice of orientation we may assume u − = 0. This means that for allγ the part in the second SU(2) factor,γ − , has one eigenvalue equal to one and since the determinant is one we must havẽ γ − = Id. So S − is fixed by Γ and Γ is a subgroup of the first SU(2) factor, which also means that Γ ⊂ Sp(1) = SU(2) ⊂ SO(4). The same reasoning gives that every finite subgroup of SU(2) acts freely on the sphere. We conclude; Proposition 6.1. If Γ is a finite subgroup of SU(2) then with the above choice of orientation, the spinors ϕ u with u ∈ S − give Killing spinors on the quotient (H 4 * )/Γ provided we choose the spin structure Spin((H 4 * )/Γ) = Spin(H 4 * )/ Γ defined by the lift γ − →γ = (γ, Id). Except for reversing orientation these are the only cases allowing Killing spinors.
So we can only find asymptotic Killing spinors on an asymptotically locally hyperbolic four manifold if the fundamental group of the locally hyperbolic end is a finite subgroup of SU (2) . The following groups are up to conjugation all finite subgroups of SU(2) ([13, Thm.
2.6.7]).
A n : The cyclic group of order n generated by z = ζ 0 0 ζ −1 where ζ = e 2πi/n . D * n : The binary dihedral group of order 4n, this consists of {z a , jz a } 2n−1 a=0 where z = ζ 0 0 ζ −1 with ζ = e 2πi/2n and j = 0 1 −1 0 .
T * : The binary tetrahedral group. O * : The binary octahedral group. I * : The binary icosahedral group. For these groups there is a canonical lift to Spin(4) and an associated canonical spin-structure on the end which we call the trivial spin structure. Any other lift of Γ to Spin(4) is given up to conjugation by an element κ ∈ Hom(Γ, Z 2 ) as follows Γ ∋ γ − →γ = κ(γ)(γ, Id) ∈ Spin(4).
The elements of Hom(Γ, Z 2 ) are A n : κ 0 = 1 and if n is even κ 1 defined by κ 1 (z) = −1. D * n : κ pq , p, q = 0, 1 defined by κ pq (z) = (−1) p and κ pq (j) = (−1) q . T * : 1. O * : κ 0 = 1 and κ 1 which is nontrivial. I * : 1. These are thus also the possible spin structures on an asymptotically locally hyperbolic end.
6.2. Detecting the spin structure on the end. We will now see that the spin structure on an asymptotically locally hyperbolic end can almost be detected by the signature of the manifold. For simplicity we assume for the rest of this section that M is an asymptotically locally hyperbolic manifold with only one end. The problem of detecting the spin-structure is a purely topological one so we can forget the original metric on M and instead put on M a metric which is a product dt 2 + g 1 on the end (0, 1] × (S 3 /Γ), where g 1 is the spherical metric. Note that we have added a boundary isometric to the spherical space form (S 3 /Γ). We can then apply the Atiyah-Patodi-Singer index theorem to compute the index of the Dirac operator and the signature of the manifold
where η σ (S 3 /Γ) and η D (S 3 /Γ) are the eta-invariants of the Signature-and the Dirac-operator on the boundary. These formulas combine to 
The right hand side of (41) is known as the Rochlin invariant. This expression is useful since the eta invariants are explicitly computable [6] and η D involves the spin structure via κ. The details of the computation of the eta invariants will be described in [1] . We summarize the results for the case of Γ ⊂ SU(2) in Table 2 . From (41) we now have Theorem 6.2. Let M be a spin manifold of dimension 4 with boundary ∂M = S 3 /Γ where Γ ⊂ SU (2) . Fix the orientation of M so that the induced orientation on ∂M is standard. Then if σ(M )(mod 16) does not take the value corresponding to one of the nontrivial spin structures in Table 2 , then the induced spin structure on ∂M is trivial.
In the following we assume the orientation of M is chosen as in Theorem 6.2. Combining Theorem 6.2 with Theorem 4.8 proves Corollary 6.3. Let (M, g) be a 4 dimensional complete spin manifold with one ALH end with group Γ ⊂ SU(2) andŝ ≥ 0. Then σ(M )(mod 16) does not take the value of the trivial spin structure corresponding to Γ in Table 2 unless (M, g) is isometric to H 4 . Therefore the allowed groups and signatures are those listed in Table 1 .
Similarly, Theorem 6.2 combined with Theorem 5.6 proves Corollary 6.4. Let (M, g) be a 4 dimensional Einstein spin manifold which is conformally compact with conformal boundary ∂M = S 3 /Γ with Γ ⊂ SU(2). Then σ(M )(mod 16) does not take the value of the trivial spin structure corresponding to Γ in Table 2 unless (M, g) is isometric to H 4 . Therefore the allowed groups and signatures are those listed in Table 1 . 
